








Name:

Math 415 ... Exam 1

1) Which of the following are propositions?

a) Wichita is the capital of Kansas.

b) 1 + 2 = 3

c) x + 2 = 3

d) Read this carefully.

e) What time is it?

2) Construct the truth table everyone should know.

3) Construct a truth table for ¬q → p. Under what conditions is it false?
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4) Construct a truth table for c → (r ∧ ¬a) Under what conditions is it false?

5) Construct a truth table for ¬(p ∨ q) ⇐⇒ (¬p ∧ ¬q) Under what conditions is it false?

2



6) Express “For the mouse to defeat the cat it is sufficient that the mouse drinks lots of coffee” using
propositional symbols and logical operators. Then contruct a truth table for your compound proposition.
Under what conditions is is false?

7) Let S(u) mean that “u is silly,” F (v) mean that “v is fast,” and B(a, b) mean that “a has beat b in
a race”, where the universe of discourse for every variable consists of all children. Express ∃x(F (x) ∧
∀y(S(y) → B(x, y))) by a simple English sentence. Under what conditions would this be false?
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8) Use a truth table to check if the statements (p → q)∧(p → r) and p → (q∧r) are logically equivalent.

9) Use logical equivalences to show that (p ∧ q) → p is a tautology.
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10) Use logical equivalences and a truth table to verify Modus Tollens ((p → q) ∧ ¬q) → ¬p.

11) Come up with valid conclusions for the set of premises: “If I eat at bedtime, then I can not sleep.”
“I can not sleep if there is music playing.” “I slept last night.” “Not sleeping is sufficient for me to not
pass Math 415.” Explain your answers.
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12) Is the following argument valid? “You do not do every problem in the book or you learn Calculus.
You learned Calculus. Therefore, you did every problem in the book.” Explain.
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Math 415 ... Exam 2

1) Prove: If a is an odd number then a2 + 3 has a factor of 4.

2) Prove: If 3 divides a, then 3 also divides a2 + 2a− 3.

3) Prove: For x and y integers, if x2(y + 3) is even, then x is even or y is odd.
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4) Prove the lemma: If 3 divides a2, then 3 divides a.

5) Prove:
√
3 is irrational.
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6) Prove: log3 4 is irrational.

7) Prove: 10 divides n if and only if both 2 and 5 divide n.
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8) Prove: For integers a and b, If (a2 − 2a)b2 is odd, then a and b are odd.

9) Prove: If two integers have the same parity, then their sum is even.
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10) Prove: There exits a natural number n such that 5 divides 2n − 1.

11) Use a non-constructive proof to prove: There is an irrational number raised to an irrational power
that is rational.
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12) Prove: There is a unique real solution to ax+ b = c for a 6= 0.
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Math 415 ... Exam 3

1) Prove that for every positive integer n,

1 · 2 · 3 + 2 · 3 · 4 + . . .+ n(n+ 1)(n+ 2) =
n(n+ 1)(n+ 2)(n+ 3)

4

2) Prove that 1 · 1! + 2 · 2! + 3 · 3! + . . .+ n · n! = (n+ 1)!− 1 whenever n is a positive integer.
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3) Prove that if n > 4, then 2n > n2.

4) Use mathematical induction to prove that 3 divides n3 + 2n whenever n is a positive integer.
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5) Prove that Fn−1 · Fn+1 − F 2
n = (−1)n when n is a positive integer.

6) Prove that F 2
1 + F 2

2 + F 2
3 + . . .+ F 2

n = Fn · Fn+1
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7) For the sets A1, A2, . . . An in the same universe of discourse prove that A1 ∪ A2 ∪ . . . ∪ An = A1 ∩
A2 ∩ . . . ∩ An, when n ≥ 2.

8) Use a membership table to verify (B −A)∪ (C −A) = (B ∪C)−A and draw the Venn Diagram for
its regions.
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9) Prove that (A−B)− C ⊆ (A− C).

10) Prove that A× (B − C) = (A×B)− (A× C).
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11) Prove that A ⊆ B if and only if P (A) ⊆ P (B).
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Math 415 ... Exam 4

1) Is the relation r consisting of all ordered pairs (a, b) such that a and b are humans and have at least one common genetic
parent: reflexive, irreflexive, symmetric, antisymmetric, asymmetric, and/or transitive? Check all the properties and if a property
doesn’t hold give a counter-example. Also, state the logical definitions of the properties as you consider them.

1



2) Given the relation R = {(a, b)|b = 2a} on the set of positive integers from -2 to 5. Give the list of ordered pairs for R and
represent is as a digraph. Also, determine if it is reflexive, irreflexive, symmetric, antisymmetric, asymmetric, and/or transitive?
Check all the properties and if a property doesn’t hold give a counter-example.
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3) Show that the relation R consisting of all pairs of polynomials (f, g) such that the first derivative of f and the first derivative
of g are equal is an equivalence relation on the set of all polynomials with real-valued coefficients.
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4) Verify that the relation R = {(x, y)|2 divides x2 + y2} on the set of all integers is an equivalence relation. Describe its
equivalence classes.
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5) Prove Theorem 11.1 on page 215 of Book of Proof.

5



6) Is the relation R = {(x, y)|x2 + y2 = 1} a function on the Real Numbers?

7) Is the relation R = {(s, n)|s is any string and n is the number of characters in s} a function from the set of strings to the set
of integers?

8) Is the function given in problem (7) injective?

9) Is the function given in problem (7) surjective?
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10) Give an example of a bijection from the rational numbers to the positive integers.

11) For the sets of A = {a, b, c, d} and B = {1, 2, 3}.

a) How many relations from A to B?

b) How many functions from A to B?

c) How many injections from A to B?

d) How many surjections from A to B?

e) How many bijections from A to B?
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Math 415 ... Exam 5

1) Prove that for all integers x, then x and x2 have the same parity.

2) Prove that
√

5 is irrational.

3) Prove if two integers have opposite parity, then their sum is odd.

4) Prove that the sum of the first n cubic numbers is the square of the n-th triangular number by induction.

5) For Hn = 1 + 1/2 + 1/3 + . . . + 1/n prove that H2n ≥ 1 + n/2

6) Prove that n2 − 1 is divisible by 8 whenever n is an odd positive integer.

7) Prove the rational numbers are countable.

8) Prove the real numbers are uncountable.

9) Show that a subset of a countable set is countable.

10) Give an epsilon-delta proof for the limit of a linear function.

11) Give an epsilon-delta proof for the limit of a quadratic funtion.
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